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Abstract
A closed mathematical model of the statistical self-gravitating system
of scalar charged particles for conformal invariant scalar interactions is
constructed on the basis of relativistic kinetics and gravitation theory.
Asymptotic properties of the model are investigated in the ultrarelativistic
limit. It is shown, that scalar charge density automatically generates
scalar field effective mass and the value of this mass is found. In the
paper it is proved the asymptotic conformal invariance of constitutive
equations in case of homogenous isotropic Universe. Also it is proved the
asymptotic conformal invariance of field equations at the early stages of
cosmological evolution.
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1 Introduction
In the early 1980-s the fundamentals of the relativistic kinetic theory of the sta-
tistical systems with scalar interaction were formulated [1, 2, 3, 4, 5]. In these
years the kinetic theory of particles with scalar interaction seemed to be concep-
tual theoretical construction with the only purpose of the kinetic theory com-
pleteness. However, since the discovery of dark matter factor in cosmology and
Higgs bosons in the last decade the development of this theory becomes actual
and required for the development of the theoretical physics. In the one hand, the
relativistic kinetic theory is a bridge connecting microscopic and macroscopic
levels of matter description and on the other hand it is sufficiently rigid theo-
retical structure significantly reducing a possibility of speculative constructions.
In the series of recent Author’s works it was formulated the strict relativistic
kinetic theory of the statistical systems of scalar charged particles based on
the canonical microscopic dynamics and following accurate procedures of the
macroscopic averaging; this extends the theory to the case of fantom scalar
fields and negative effective particle masses [6, 7, 8, 9, 10, 11, 12, 13, 14, 15]1.
Moreover, there were constructed the cosmological models based on such sys-
tems [18, 19, 20, 21, 22]. In these recent works the models with conformal
1see also monographes [16, 17].
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non-invariant scalar field were considered. Let us notice that the first work on
the kinetic theory of the statistical systems with scalar interaction [1] set the
problem of asymptotic conformal invariance of the kinetic theory in the ultrarel-
ativistic limit, however it did not provide a well defined answer on this question.
The importance of this problem’s solution for the contemporary cosmology and
the degree of modern development of the kinetic theory of scalar systems with
interparticle scalar interaction drove the research presented in this paper. When
referring to invariant scalar fields we will imply the scalar fields which equations
contain a “conformal member” −R/6.
2 The Strict Macroscopic Relations of The Rel-
ativistic Kinetic Theory
In this chapter we write out the condensed strict relations of the relativistic
kinetic theory not depending on the transformational properties of the scalar
field obtained in the papers cited above.
2.1 The Canonical Equations Of Motion Of Particles In
The Scalar Field
The canonical equations of motion of the relativistic particle in phase space Γ
have the following form (see e.g. [2]):
where Ha(x, p) is a relativistically invariant Hamilton function of the a-sort
particle with a scalar charge q
(r)
a in scalar field Φr(x):
H(x, p) =
1
2
[
m−1
∗
(x)(p, p)−m∗
]
= 0, (1)
m∗ =
∑
r
q(r)a Φr (2)
is an effective mass of a particle, ui = dxi/ds is a particle’s velocity vector. The
full derivative of the dynamic variables function Ψ(xi, pk) with an account of
(??) can be represented in form:
dΨ
ds
= [H,Ψ], (3)
where there are introduced the invariant Poisson brackets:
[H,Ψ] =
∂H
∂pi
∂Ψ
∂xi
− ∂H
∂xi
∂Ψ
∂pi
; (4)
≡ 1
m∗
pi∇˜iΨ+ ∂im∗ ∂Ψ
∂pi
, (5)
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where ∇˜i is an operator of covariant Cartan differentiation 2 (see e.g. [23])3:
∇˜i = ∇i + Γkijpk
∂
∂pj
, (6)
where ∇i is an operator of covariant Ricci differentiation and Γkij are Christoffel
symbols of the second kind relative to metrics gij of X base. Operator ∇˜ is
defined so that:
∇˜ipk ≡ 0 (7)
2.2 The Relativistic Kinetic Equations
Let the following reactions run in plasma:
m∑
A=1
nAaA⇄
m′∑
B=1
n′Ba
′
B, (8)
where aA are particle symbols and nA are their numbers in each reaction chan-
nel. As a result of the local correspondence principle and the suggestion of
4d-point particle collisions in each act of interparticle interaction the general-
ized momentum of interacting particles is conserved:∑
I
pi =
∑
F
p′i, (9)
where the summation is carried out by all initial (I), pi and final (F ), p
′
i states.
Thus, the generalized momentums of the initial and final states are equal:
pI =
m∑
A=1
nA∑
α
pαA, pF =
m′∑
B=1
n′B∑
α′
p′α
′
B . (10)
Distribution functions of particles are defined through the invariant kinetic equa-
tions [3]:
m∗[Ha, fa] = Ia(x, p), (11)
where Ia(x, pa) is an integral of collisions:
Ia(x, pa) = −
∑
nA
∫
′
a
δ4(pF − pI)
×WIF (ZIF − ZFI)
′∏
I,F
dP ; (12)
where
WFI = (2π)
4|MIF |2 · 2−(
∑
nA+
∑
n′b)
2Covariant derivative in the stratificagion Γ [24].
3Covariant Cartan derivatives were first introduced in the relativistic statistics by
A.A.Vlasov [25].
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is a scattering matrix of channel of reactions (8), |MIF | are invariant amplitudes
from the initial state I to final F ;
ZIF =
∏
I
f(pαA)
∏
F
[1± f(pα′B )];
ZFI =
∏
I
[1± f(pαA)]
∏
F
f(pα
′
B ),
initial state sign “+” corresponds to bosons while ‘-” sign corresponds to fermions
(see details in [3, 4]).
2.3 The Transport Equations of The Dynamic Quantities
The transport equations of the dynamic quantities are the strict integral-differential
consequences of the relativistic kinetic equations with the assumption that 4-
vector of generalized momentum (10) is conserved in all channels of elementary
particles interaction:
∇i
∑
a
∫
P0
Ψafap
idPa −
∑
a
∫
P0
fam∗[Ha,Ψa]dPa
= −
∑
by chanels
∫ ( m∑
A=1
nAΨA −
m′∑
B=1
n′BΨ
′
B
)
×δ4(pF − pI)(ZIFWIF − ZFIWFI)
∏
I,F
dP,
where the summation is carried out by all reaction channels (8).
At Ψa = ga, where ga are certain fundamental charges conserved in reactions
(8), taking into account (9), (10) and (13) we obtain transport equations for flux
densities of plasma particles number:
∇iJ iG = 0, (13)
where:
J iG =
∑
a
2S + 1
(2π)3
ga
∫
P0
fa(x, p)p
idP0. (14)
is a density vector of the fundamental charge corresponding to charges ga.
Assuming Ψa = P
k in (13), we obtain transport equations for plasma energy-
momentum:
∇kT ikp −
∑
r
σ(r)∇iΦr = 0, (15)
where it is introduced the tensor of energy-momentum
T ikp =
∑
a
2S + 1
(2π)3
∫
P0
fa(x, p)p
ipkdP0 (16)
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and scalar densities of plasma charge relative to scalar field Φr, σ
(r):
σ(r) =
∑
a
σ(r)a , (17)
where σ
(r)
a – are scalar charge densities of a-component of plasma relative to
scalar field Φr:
σ(r)a =
2S + 1
(2π)3
m∗aq
(r)
a
∫
P0
fa(x, p)dP0, (18)
In particular, for charge singlet (q,Φ) conservation law (15) takes form:
∇kT ikp − σ∇iΦ = 0, (19)
where (see [3, 11]):
σ = Φ
2S + 1
(2π)3
q2
∫
P0)
f(x, p)dP0. (20)
Let us notice that the forms of energy-momentum tensor (EMT) (16) and scalar
charge density (18) found for scalar charge particles at given Hamilton function
represent direct consequence of the canonical equations and the suggestion about
total momentum conservation at local collisions of particles.
2.4 Thermodynamic Equilibrium of Plasma in The Grav-
itational Field
Distribution functions in conditions of thermodynamic equilibrium due to so-
called functional
Boltzmann equations take locally-equilibrium form:
f0a (x, pa) =
1
e−νa+(ξ,pa) ∓ 1 , (21)
where upper sign corresponds to bosons, lower sign corresponds to fermions and
vector ξi(x) should be timelike:
ξ2 ≡ (ξ, ξ) > 0 , (22)
and reduced chemical potentials νa should satisfy the series of conditions of
chemical equilibrium:
m∑
A=1
nAνA =
m′∑
B=1
n′Bν
′
B (23)
accordingly to reactions (8). Timelike vector ξi(x) defines the macroscopic and
dynamic velocities of the system vi(x):
vi =
ξi
ξ
; (v, v) = 1 , (24)
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and its local temperature θ(x):
θ(x) = ξ−1, (25)
wherewith to define chemical potentials, µa(x), in the ordinary normalization:
µa(x) = θ(x)νa(x) . (26)
In these terms distribution (21) can be written in following form:
f0a (x, pa) =
1
e
−µa + (v, pa)
θ ∓ 1
, (27)
and moments of distribution take form [3], [5]:
nia(x) = na(x)v
i ; (28)
T
a
ik (x) = (Ea + Pa)vivk − Pagik, (29)
where:4
na(x) =
ρ
2π2
∞∫
0
p2dp
exp
(
−µa+
√
m2
∗
+p2
θ
)∓ 1 ; (30)
Ea(x) = ρ
2π2
∞∫
0
√
m2
∗
+ p2p2dp
exp
(
−µa+
√
m2
∗
+p2
θ
)∓ 1 ; (31)
Pa(x) =
ρ
6π2
∞∫
0
p4dp√
m2
∗
+ p2
× 1
exp
(
−µa+
√
m2
∗
+p2
θ
)∓ 1 ; (32)
Tp = Ea(x) − 3Pa(x) = ρm
2
∗
2π2
×
∞∫
0
p2dp√
m2
∗
+ p2
1
exp
(
−µa+
√
m2
∗
+p2
θ
)∓ 1 ; (33)
σ(r)a (x) =
ρm∗q
(r)
a
2π2
∞∫
0
p2dp√
m2
∗
+ p2
× 1
exp
(
−µa+
√
m2
∗
+p2
θ
)∓ 1 ≡
q
(a)
r
m∗
Tp. (34)
4ρ = 2S + 1
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All macroscopic scalars at that are additive:
E =
∑
a
Ea; P =
∑
a
Pa; σ
(r) =
∑
a
σ(r)a . (35)
2.5 Ultrarelativistic limit
In the ultrarelativistic limit
p
m∗
→∞;⇒ Epl − 3Ppl → 0; σ → 0 (36)
the asymptotic expressions for macroscopic scalars (30) – (34) take form:
n(x) =
ρ
2π2
∞∫
0
p2dp
e
−µ+p
θ ∓ 1
= θ3φ2(ν); (37)
Epl = ρ
2π2
∞∫
0
p3dp
e
−µ+p
θ ∓ 1
= θ4φ3(ν); (38)
σ = Φ
q2ρ
2π2
∞∫
0
pdp
e
−µ+p
θ ∓ 1
= q2Φθ2φ1(ν), (39)
where we introduce the functions of reduced chemical potential ν = µ/θ:
φn(ν) =
ρνn+1
2π2
∞∫
0
x2dx
eν(−1+x) ∓ 1 . (40)
3 The Self - Consistent Kinetic Model of Self
- Gravitating Plasma with Interpartial Scalar
Interaction
3.1 The Lagrangian formalism
In the article for the purpose of methodological simplicity we consider a system
consisting of one scalar field, Φ. The generalization of results to the case of
n scalar fields with an account of above-cited formulas and additivity of the
Lagrangian function does not require any specific efforts.
Let us consider the Lagrangian function of classical massive real scalar field
Φ. In such a case the Lagrangian scalar field can be chosen in the following
form:
Ls =
ǫ1
8π
(
gikΦ,iΦ,k − ǫ2m2sΦ2
)
, (41)
where ms is a mass of scalar field quanta, ǫ2 = 1 for the classical scalar field,
ǫ2 = −1 for a fantom (in terms of negativeness of the kinetic energy) scalar
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field; ǫ1 = 1 for a field with repulsion of likely charged particles, ǫ1 = −1 for a
field with attraction of likely charged particles ǫ1 = −1.
Let us write down an invariant action function for the system of “scalar
charged particles + scalar field” [21] in order to get the Euler-Lagrange equation
for a scalar field:
S = Sp + Ss =
∫
Ω
dΩ×

∑
a
+∞∫
−∞
m
(a)
∗ δ
4(x, xa(sa))dsa + Ls

 , (42)
where xa(sa) ≡ xia(sa) are parametric equations of particles’ motion defined by
their proper times sa, Ω is a 4-d volume of Riemann space. To get the Euler-
Lagrange equation of the scalar field in accordance with a standard procedure
it is necessary to calculate the variation S at given particles’ trajectory taking
into account the formulas for the effective mass (2) and Lagrange functions of
the scalar field (41) as well as arbitrariness of the scalar field variations. As a
result of standard calculations we obtain:
Φ+m2sΦ = −4πǫ1σ, (43)
where
Φ ≡ gik∇i∇kΦ = 1√−g
∂
∂xi
√−ggik ∂
∂xk
Φ
is D’Alembert operator and scalar charge density of system of particle moving
along given trajectories , σ, is described by formula
σ =
∑
a
qa
+∞∫
−∞
δ4(x, xa(sa))dsa.
The statistical averaging of the last expression with an account of properties
of Dirac δ - function (methodic of similar calculations with usage of invariant
functions of sources see e.g. in [23]) reduces it to form (34).
Let us now consider the Lagrangian function of classical massive real confor-
mal scalar field Φ5 (see e.g. [8]; for massive scalar field the conformal invariance
is understood as asymptotic property at (ms → 0)):
Ls =
ǫ1
8π
(
gikΦ,iΦ,k +
R
6
Φ2 − ǫ2m2sΦ2
)
. (44)
The Lagrangian function differs from the standard one (see e.g. [28]) for the
presence of factor 1/8π and also for introduced unit indicators ǫα. Let us find
5by conformal invariance we understand here a asymptotic property attained in the ultra-
relativistic limit ms → 0
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the equation for scalar field using this function in the action integral (42):
Φ− R
6
Φ + ǫ2m
2
sΦ = −4πǫ1σ. (45)
Let us notice that in this paper we obtain Ricci tensor by convolution of first
and third indices of Riemann tensor Rjl = g
ikRijkl .
3.2 Energy-Momentum Tensor And the Conservation Laws
Energy-momentum tensor of a scalar field relative to the Lagrangian function
(41) is:
T iks =
ǫ1
8π
(
2Φ,iΦ,k − gikΦ,jΦ,j + ǫ2gikm2sΦ2
)
. (46)
Einstein equations for the statistical system of scalar charged particles have
from:
Rik − 1
2
Rgik = 8π(T ikp + T
ik
s ), (47)
where we need to substitute the expressions for the components of energy-
momentum tensors of plasma (29), (31), (32) and scalar field (46). Calculating
covariant divergences from both parts of Einstein equations (47), we obtain from
(15) and (46) the total energy-momentum conservation laws:
∇k(T ikp + T iks ) =
1
4π
∇iΦ [ǫ1(Φ+ ǫ2m2sΦ) + 4πσ] = 0, (48)
where from, putting Φ 6≡ Const, we again obtain the equation for a massive
non-conformal scalar field with a source (71) [3].
The trace of energy-momentum tensor of the scalar field (46) is equal to:
Ts =
ǫ1
4π
(−Φ,jΦ,j + 2ǫ2m2sΦ2). (49)
The components of scalar field’s energy-momentum tensor relative to the
Lagrangian function (44) are [28]:
T iks =
ǫ1
4π
[
Φ,iΦ,k − 1
2
gikΦ,jΦ
,j +
1
2
ǫ2m
2
sg
ikΦ2+
1
6
(
Rik − 12Rgik
)
Φ2 − 16
(∇i∇k − gik)Φ2]. (50)
Carrying out differentiation of Φ2 in this expression, we get another notation of
the scalar field’s energy momentum tensor (see e.g. [16])
T iks =
ǫ1
8π
[
4
3
Φ,iΦ,k − 1
3
gikΦ,jΦ
,j + ǫ2m
2
sg
ikΦ2+
1
3
(
Rik − 12Rgik
)
Φ2 − 23ΦΦ,ik + 23gikΦΦ
]
.
(51)
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The covariant divergence of tensor (51) with an account of commutation rela-
tions for second covariant derivatives of vector (see e.g. [27]):
ui,kl − ui,lk = Rm.iklum ⇒
gkl∇k
(∇lΦ,i) = ∇iΦ+Rki∇kΦ
is:
∇kT iks =
ǫ1
4π
∇iΦ
(
Φ− R
6
Φ + ǫ2m
2
sΦ
)
, (52)
Calculating covariant divergences from both parts of Einstein equations (47),
we obtain from (15) and (52) the total energy-momentum conservation laws:
∇k(T ikp + T iks ) =
1
4π
∇iΦ×[
ǫ1
(
Φ− R
6
Φ + ǫ2m
2
sΦ
)
+ 4πσ
]
= 0, (53)
where from, putting Φ 6≡ Const, we obtain the equation (57) for a massive scalar
field with a source.
Calculating the trace of the scalar field’s energy-momentum tensor (51), we
find:
Ts ≡ gikT iks =
ǫ1
4π
Φ
(
Φ− R
6
Φ + 2ǫ2m
2
sΦ
)
, (54)
where from, with an account of field equation (57) we get a simplified expression:
Ts =
ǫ1ǫ2
4π
m2sΦ
2 − σΦ. (55)
3.3 The Complete System of Equations of the Kinetic
Model of Self-Gravitating System of Scalarwise Inter-
acting Particles at Local Thermodynamic Equilibrium
Conditions
The complete system of equations of the kinetic model of self-gravitating sys-
tem of scalarwise interacting particles at conditions of local thermodynamic
equilibrium includes Einstein equations (47), transport equations of energy-
momentum of particles (15), scalar charge conservation law (13) (if the charge
is conserved), equations of chemical equilibrium (23), equations of scalar field(s)
(71) or (57) together with definitions of current vector (28), statistical system’s
energy-momentum tensor (29), macroscopic scalars (30) – (34), and energy-
momentum tensor of scalar field (46) or (51).
It is appropriate to make here a following notice. The conservation laws of
the total energy-momentum tensor of system “particles + scalar fields” (48) or
(52) are identically fulfilled at constant scalar fields
∇iΦ = 0⇔ Φ = Φ0 = Const (56)
⇒ ∇k(T ikp + T iks ) ≡ 0.
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However, imposing condition (56) on scalar fields contradicts the principle of
least action for such fields with this principle being a fundamental principle of
theoretical physics. This contradiction is valid for physical scalar fields. However
if such “scalar fields” are generated by the cosmological constant or theories of
gravitation of type f(R) such condition is legitimate but such fields are not
physical and of geometric origin. In this article we exactly consider physical
scalar fields with sources.
3.4 Generation of Mass of Conformal Invariant Scalar Field
with a Source
Let us consider equation of conformal-invariant scalar field (57) in case of locally
equilibrium system of ultrarelativistic scalar chaged particles. Using expression
for scalar charge density (39) we reduce this equation to form:
Φ− R
6
Φ + (ǫ2m
2
s + ǫ1m
2
ef )Φ = 0, (57)
where the following denotation is introduced:
m2ef = 4πq
2θ2φ1(ν). (58)
Statement 1 1. Scalar charge density σ for ultrarelativistic locally equilibrium
system of particles plays the role of scalar field’s effective mass, which, generally
speaking, depends on coordinates.
2. Indicator ǫ1 at that plays the same role as indicator ǫ2 for standard massive
member in the equation of scalar field: case of likely charged particles repulsion
corresponds to value ǫ1 = +1, case of likely charged particles attraction corre-
sponds to ǫ1 = −1.
3. At ǫ1ǫ2 = −1 there exists a hypothetical possibility of complete nulling
of summary massive member m2s − m2ef = 0 and strict recovery of conformal
invariance of the scalar field equation.
4 Self-Consistent Cosmological Model for Local
Equilibrium Plasma with Interpartial Scalar In-
teraction
4.1 A Model of Local Thermodynamic Equilibrium
If local equilibrium condition is fulfilled (LTE) then
t≫ τef , (59)
11
(where t is a characteristic time scale of the statistical systems, τef is an ef-
fective time of interparticle interactions) integral of collisions in the right part
of the kinetic equations becomes a greater value therefore for local equilibrium
plasma it is necessary to use the definition of energy-momentum tensor of liq-
uid (29) and relations (30) – (32) defining macroscopic scalars and equations of
chemical equilibrium (23) rather than kinetic equations solution. It should be
considered that if chemical equilibrium conditions are fulfilled, locally equilib-
rium distribution functions (21) automatically make integral of collisions (12)
equal to zero. However, according to logics of hydrodynamic approximation (see
e.g. [1]) equality to zero of the right part of the kinetic equations in this case
should be seen as just an approximate relation valid only for the macroscopic
moments of the distribution function. Let us notice the following important
circumstance. As is known, formally in LTE case matter equations obtained on
the basis of the kinetic theory do not differ from the equations of hydrodynam-
ics. As is known, formally in LTE case matter equations obtained on the basis
of the kinetic theory do not differ from the hydrodynamic equations. However it
is also known that hydrodynamic equations do not represent a closed system of
equations. To make this system closed it is required to add relations of coupling
between macroscopic scalars. This is not required at kinetic approach since cor-
responding functional relations are actually contained in the integral definitions
of macroscopic scalars which does not allow any space for speculations.
Further, let us notice that the problem of LTE establishment with respect
to specific interactions in the expanding Universe is quite a delicate question
and requires a specific research.
Condition (59), as it turns out, is defined through the dependency of total
cross-section of particles’ interaction on the first kinematic invariant s = (pa +
pb)
2 of particles’ pair interactions. If approximate the value of total cross-
section of particles’ interaction in range of high energies by power dependence
σtot ∽ s
α, then for ultrarelativistic particles in the early Universe in case of
summary barotropic equation of state P = κE condition (59) brings us to the
following statement [29]:6
Statement 2 1. At κ 6= −1 and the next condition’s fulfillment
α > −3
4
(1− κ) (60)
LTE is maintained at early expansion stages and violated at the late ones whereas
at fulfillment of the condition invert to (60) LTE is violated at the early stages
and recovered on the late ones.
2. In the inflation case (κ = −1) at:
α > −3
2
(61)
LTE is maintained on the early stages and violated on the late ones.
6it is assumed at that that particles’ concentration is defined by locally-equilibrium formula
(30)
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4.2 The Self-Consistent System of Equations for the Isotropic
Homogenous Space-flat Universe
Let us consider the space-flat Friedmann cosmological model
ds2 = a2(η)ds¯2 ≡
a2(η)(dη2 − dx2 − dy2 − dz2), (62)
where matter comprises of equilibrium plasma of scalarwise interacting particles
and massive scalar field, depending only on cosmological time Φ(t). Состоянию
покоя плазмы относительно синхронной в метрике (62) системы отсчета
соответствует вектор макроскопической скорости:
vi = a−1δi4. (63)
Einstein metric’s components relative to metrics (62) are equal to:
Gik = 2
2a′2 − aa′′
a4
vivk +
2aa′′ − a′2
a4
δik. (64)
Further, calculating components Φ,i,k, we find:
Φ,i,k =
(
Φ′′ − 2a
′
a
Φ′
)
vivk
a2
+
a′Φ′
a3
δik. (65)
From (64) and (55) it follows:
−R = 6a
′′
a3
= −8πσΦ+ 2ǫ1ǫ2m2sΦ2. (66)
Taking into account relations (64)–(66), we can calculate components of energy-
momentum tensor of a scalar field and represent them in form of components
of tensor of the ideal flux
T
s
i
k = (Es + Ps)vivk − Psδik, (67)
Herewith for non-conformal invariant scalar field we find from (46):
Es = ǫ1
8π
(
Φ′2
a2
+m2sΦ
2
)
; Ps =
ǫ1
8π
(
Φ′2
a2
−m2sΦ2
)
. (68)
Moreover, we obtain the following relation:
Ts = Es − 3Ps = ǫ1
4π
(−Φ
′2
a2
+ 2m2sΦ
2), (69)
and:
Es + Ps = ǫ1
4π
Φ′2
a2
. (70)
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Herewith scalar field equation (71) takes form:
1
a4
d
dη
a2
d
dη
Φ+m2sΦ = −4πǫ1σ. (71)
The mathematical model of cosmological evolution descried above in case of
conformal non-invariant scalar field has been researched in details in the series
of articles cited above an, in particular, in [21]. Models of such kind ensure
Universe acceleration and allow the possibility of anomalously fast expansion.
5 Conformal Transformations of the Cosmologi-
cal Model Equations
In this article we consider conformal-invariant models of scalar field. In case of
conformal-invariant scalar field let us notice the following relation useful in the
future: (
− R
6
)
φ
a
=
φ′′
a3
, (72)
using which the equation of conformal-invariant scalar field (57) Φ(η) in metrics
(62) can be written in the following form:
1
a3
d2
dη2
aΦ+ ǫ2m
2
sΦ = −4πǫ1σ. (73)
Taking into account relations (64)–(66), let us calculate the components of
energy-momentum tensor of conformally scalar field (50) and fine:
Es = ǫ1
8π
[
1
a4
(aΦ)′2 + ǫ2m
2
sΦ
2
]
; (74)
Ps =
ǫ1
24π
[
1
a4
(aΦ)′2 − ǫ2m2sΦ2 + 8πǫ1Φσ
]
. (75)
5.1 Conformal Transformations of Macroscopic Scalars
Let us investigate the transformational properties of macroscopic scalars (30) –
(34) with respect to conformal transformations:
ds2 = a2(η)ds¯2; Φ(η) =
Φ¯(η)
a(η)
. (76)
At transformation of momentum and thermodynamic scalars by the next law:
p =
p¯
a(η)
; θ =
θ¯
a(η)
; µ =
µ¯
a(η)
(77)
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the macroscopic scalars (30) – (34) are transformed by laws:
na =
n¯a
a3(η)
; Ea = E¯a
a4(η)
;
Pa =
P¯a
a4(η)
; σa =
σ¯a
a3(η)
. (78)
Then the fundamental current Q conservation law takes form:
1
a4
d
dη
a3
∑
a
qana = 0⇒
∑
a
qan¯a = Const. (79)
The transport equation of energy-momentum of particles (15) in metrics (62)
can be written in the following form:
E ′pl + 3
a′
a
(Epl + Ppl) = σΦ′. (80)
Then, taking into account relation (34), we find:
σ =
Epl − 3Ppl
Φ
. (81)
Carrying out conformal transformations (76) – (77) in equation (80 with an
account of (78) and (81) we find:
E¯ ′pl − (E¯pl − 3P¯pl)
Φ¯′
Φ¯
= 0. (82)
In the ultrarelativistic limit
p
m∗
→∞;⇒ E¯pl − 3P¯pl → 0; σ¯ → 0 (83)
equation (82) is reduced to
E¯ ′pl = 0⇒ E¯ = E¯0 = Const⇒ Ea =
Const
a4
. (84)
From the conservation law of scalar charged particles
n¯ = θ¯3γ3φ2(γ) = Const, (85)
and also from (84) we find:
E¯pl = θ¯4γ4φ3(γ) = Const. (86)
Thus, we have two functionally independent equations (85) and (86) on two
functions: γ¯(η) and θ¯(η). Arbitrary constants can be the unique solution of
these equations:
γ¯ = Const; θ¯ = Const⇒
θ =
θ¯0
a(η)
; µ =
µ¯0
a(η)
, (87)
which ensures conformal invariance of matter equations in the ultrarelativistic
limit.
15
5.2 Conformal Transformations of Scalar Field Equation
Let us turn our attention to the field equations. At zero massive member in
equation of scalar field (73) we get field equation’s transformation law:
1
a3
d2
dη2
aΦ = −4πǫ1σ ⇒ d
2
dη2
Φ¯ = −4πǫ1σ¯, (88)
where
σ¯ = q2θ¯2γ2φ1(γ)Φ¯ ≡ ω
2
0
4π
Φ¯, (89)
where
ω0 = |q|θ¯γ
√
4πφ1(γ) = Const. (90)
Thus, in the ultrarelativistic limit σ¯ depends on η only be means of Φ¯(η)
and equation (88) has its solution in the ultrarelativistic limit:
Φ¯ = C1 cosω0η + C2 sinω0η; ǫ1 = +1; (91)
Φ¯ = C1e
ω0η + C2e
−ω0η; ǫ1 = −1, (92)
Let us notice that in the ultrarelativistic limit (83) ω0 → 0, thus according
to (91) and (92) in this approach we can put :
ω0η → 0, (93)
hence in the ultrarelativistic limit (83) an asymptotic solution takes place:
Φ¯ ⋍ Φ¯0 = Const⇒ Φ ⋍ Φ¯0
a(η)
, (94)
i.e. the asymptotic conformal invariance is recovered also for scalar field.
Let us notice that in this approximation in accordance with (74) scalar field’s
energy density and pressure are equal to zero Es = 0, and the unique non-trivial
solution of Einstein equation:
3
a′2
a4
= 8πEpl; (95)
takes form:
3
a′2
a4
= 8π
E¯pl
a4
⇒; a′ = Const, (96)
i.e. has the ultrarelativistic solution a = a1η.
Thus we can make the following statement:
Statement 3 1. For massless conformal-invariant scalar field in the ultrarela-
tivistic limit(83) and (93) there is an asymptotically exact solution of Einstein
equations
a(η) = a0η Φ =
Φ0
η
θ =
θ0
η
;
n =
n0
η3
σ =
σ0
η3
Epl =
E0pl
η4
. (97)
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2. Herewith accorging to (2) and (87) the factor of ultrarelativity remains con-
stant:
< p >
m∗
∽ max
( θ
m∗
,
µ
m∗
)
= Const. (98)
6 Discussion of the Results
Summing up results of the research of the mathematical model of statistical
system with interparticle conformal-invariant scalar interaction constructed on
the basis of common-relativistic theory and gravitation theory, let us notice the
most important properties of this model.
1. In case of ultrarelativistic locally equilibrium statistical system its scalar
charge density σ plays a role of massive member in conformal-invariant
scalar field equation. In particular, according to (58) in case of homoge-
nous isotropic Universe quanta effective mass of scalar field is inversely
proportional to scale factor:
mef =
ω0
a(η)
, (99)
i.e. is changed by the same law as effective mass of scalar charged particles
provided (93).
2. Herewith ultrarelativism factor< p > /m∗ remains constant and conserves
its great value.
3. At the same conditions the entire Universe evolves by ultrarelativistic law.
As is well-known, in completely invariant theories there is no fixed scale. Appar-
ently, because of this property conformal-invariant theories were thrown away
in due time by cosmologists. However, as follows from the previous results,
such a typical scale appears in such theories because of a scalar charge. This
typical scale of mass is equal to ω0 and appears at violation of condition (93)
simultaneously with violation of conformal invariance of the theory.
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